SPECTRAL PROPERTIES OF SOME DEGENERATE 
ELLIPTIC DIFFERENTIAL OPERATORS 



ROGER T. LEWIS 

This paper is dedicated to David Edmunds on his 80th birthday and to 
Desmond Evans on his 70th birthday. 

I Abstract. In this paper we extend classical criteria for deter- 

CSJ ' mining lower bounds for the least point of the essential spectrum 

^ I of second-order elliptic differential operators on domains C M" 

, ^ ■ allowing for degeneracy of the coefficients on the boundary. We 

assume that we are given a sesquilinear form and investigate the 
degree of degeneracy of the coefficients near dV, that can be tol- 
erated and still maintain a closable sesquilinear form to which the 
First Representation Theorem can be applied. Then, we estab- 
I lish criteria characterizing the least point of the essential spectrum 

of the associated differential operator in these degenerate cases. 
' Applications are given for convex and non-convex fl using Hardy 

■ inequalities, which recently have been proven in terms of the dis- 

tance to the boundary, showing the spectra to be purely discrete. 
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The classical criterion for the least point of the essential spectrum 
00 ■ was given by Persson [22j for a Schrodinger operator 

O: -A + g(x), xefi, 



^ I with the only singularity being at infinity, assuming Dirichlet boundary 

O ■ conditions on Q and assuming q to be bounded below at infinity. For 

q bounded below at infinity and near dfl, Edmunds and Evans [10] ex- 
tended this result to include singularities on the boundary dfl showing 
_ that "if q G Lj^^{Q) and the negative part of q behaves itself locally, 

rS ' then the essential spectrum" of the Friedrichs extension of the operator 

. "is only influenced by the behaviour of q at dQ and at infinity in the 

respective cases." Conditions (II. 5p and f ll.6l) below give a mathematical 
description of the requirement that "g behaves itself locally." Related 
techniques were used in [20] to establish conditions for a purely dis- 
crete spectra of second order elliptic differential operators in weighted 
spaces including mixed boundary conditions. While still assuming 
that q is bounded below near singularities on dQ or at oo, Evans and 
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Lewis [13] used techniques developed in pjlj to study even-order ellip- 
tic differential operators in weighted Ll^^fl) spaces with emphasis upon 
the criteria for the finiteness or infiniteness of the eigenvalues below the 
essential spectrum. We refer to that paper for many other references 
to related work. 

Edmunds and Evans [12] study the Neumann operator generated by 
the degenerate elliptic operator 

-rfw(rf(x)2^v ) + d{^)~^\ fi,e>o, 

on a proper open subset C M" where d{x.) := dist{':si, dQ) . They 
present upper and lower estimates for the eigenvalue counting function 
as well as examining the embedding properties for associated spaces. 

In this paper we study second-order elliptic sesquilinear forms that 
give rise to differential operators whose coefficients may "blow-up" near 
parts of dQ including some cases in which the potential diverges to 
negative infinity near the boundary. Applications are given when the 
coefficients are approximated by the distance function d{x.) near dQ. 

We follow and abbreviate the structure established in [13] , but with- 
out the introduction of weights or higher-order cases. Those extensions 
should be clear from ^13j and the presentation in this paper. 



1. Introduction 

Let C M" be open and connected. Throughout this paper \\u\\ := 
||w||L2(fi)- If f2 is unbounded then oo is considered to be on the boundary 
of Q in the sense of a one-point compactification of M". The finite 
points of the boundary are denoted by dfl. Outside some set S, which 
contains the singular part of dfl, we assume that dQ has a normal in 
order that certain boundary conditions are met. If Q is unbounded 
then {oo} C 5*, but the emphasis here is upon the part of 5* on dQ. 
The finite part of the singular set S* \ {oo} is assumed to be a closed 
subset of dfl. Let the singular and regular parts of the boundary be 
defined by 

:= Ns n dfl and Tr := dfl \ Ts 

where Ns is an open neighborhood of S'\{oo} and A^oo '■= {x : |x| > K} 
for some large K. We may assume that Ns fl A^oo = for unbounded 
domains fl. 

For an Hermitian matrix A{x.) = (ajj(x)), real- valued q{'x.), x G fi, 
and cr(s), s G Fr, and a function c(s) that assumes either the value 1 
or for s G F^, we are interested in differential operators of the form 
T : V{T) ^ L^{fl) with 



Tu 



-E^(Mx)^)+^(x) 



X G il, 
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for 

V{T) := {u:u = ip\,,, ipe C^iW' \ Vs), Tu G ^^(fi), 
andc(.)M£)+^(,)y,(,) = 0, . G T^} 

where dip/drjA ■=< At], Vif > and rj is the unit outward normal on Tji- 
The coefficients c(s) and a{s) are assumed not to be simultaneously 
zero allowing for mixed boundary conditions on T^. The case Ts = dQ, 
which requires Dirichlet boundary conditions, is included. 

In the case of sufficiently smooth coefficients for a symmetric opera- 
tor T that is bounded from below, the sesquilinear form 

i[u,v]:={Tu,v), V{i):=ViT), (1.1) 

is closable, Kato [19], Theorem VI. 1.27, p. 318. In the absence of smooth 
coefficients, the problem can be interpreted in a weak or variational 
sense initially involving only a sesquilinear form. In that case consider 
the form 

t[u,v]:= / [< A(x) Vm, Vf > +gMtJ] rfx + / a{s)u{s)v{s)ds (1.2) 
Jn JVa 

with domain 

The value of c{s) is implicit in (11. 2p . At points where a{s) = Neu- 
mann conditions are implied so that c{s) = 1 and at points where 
a{s) 7^ there are either Dirichlet or mixed conditions. For example 
see R.E. Showalter [21], Chapter III, Theorem 3A and Example 4.1. 

We will give conditions which guarantee that the form is bounded 
below and closable. In that case the First Representation Theorem 
(Kato [19], §VI, Theorem 2.1) guarantees a unique self-adjoint operator 
T associated with the closure t of t for which V{T) C T>(t). For forms 
defined by (11.11) . T is the Friedrichs extension of T. Once we have 
established that t is bounded below and closable, we will assume that 
i[u] > which can be accomplished by the addition of a positive 

constant to T merely translating (Te(T). In this case, according to 
the Second Representation Theorem [TH], Theorem VI-2.23, Ta exists, 
P(ri) = V{i), and 

t[u,v] = {f^u,fh) := {u,v)i. (1.3) 

In this paper, we will use the Sobolev space H^{G) = W^'^{G) for an 
open set G C M", see Lieb and Loss [21j, chapter 7. 

Let fifc, = 1, 2, . . . , be bounded domains in M" which satisfy 

(i) Qk <e ^fc+i; _ 

(ii) n\s = u^^^{Qnnk); 

(iii) there is a /cq G N such that 

n\nkcUn{NsUN^) (i.4) 
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for all k > kf)] and 
(iv) the embedding H^{Qk) L^i^k) is compact for each G N. 

(Recall the notation <^ ^k+i indicates that Qk is compactly con- 
tained in fifc+i, i.e. Qk is compact and Qk C ^^a;+i-) This family of 
domains {f2fc}fcli is an S- admissible family of domains in fl as defined 
in Edmunds and Evans [11], p. 278. Note that (iv) holds provided the 
Rellich embedding theorem applies, e.g., if d{fl fl Qk) has the segment 
property, Agmon [T], Theorem 3.8. In most applications considerable 
flexibility in constructing each will be available. 

Denote the maximum and minimum eigenvalue of A{x.) by i^a(x) 
and /iyi(x) respectively. The notation /-(x) := — min{/(x),0} and 
/+(x) := /(x) + /_(x) will be used. Assume 

Hypothesis (H): For each k, assume that 

(a) dinnVlk) is C^; 

(b) /iA(x) > a.e. on and /i^^ G L°°{il fl fifc); 

(c) q e L"(n n Qk) with 

(d) cr_(s) = for s G r^j \ fifc^; and 

(e) a G L^(rR) with 



= n — 1, n > 2, 
> 1, n = 2. 



The next lemma is a special case of Lemma 1 of [13]. We refer to 
that paper for the complete proof. It indicates the degree of unbounded 
behavior of g_ that is allowed locally. 

Lemma 1. If (H) holds, then for e > and each A; G N there is a 
K{e, k) > such that 

< e Lnn, < ^V^' Vm > dx + Kie, k) J^^^^ \u\^dx 

(1.6) 

for allu eV{i). 

Proof. The proof follows from the Monotone Convergent Theorem, the 
Holder Inequality, and the Sobolev Inequality. □ 



2. The main results 

When we know of the existence of T we let £e = (^-eiT) denote the least 
point of its essential spectrum. The following Proposition compares 
with Corollary 7D, Chapter III, of R.E. Showalter 
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Proposition 1. Assume hypothesis (H), that 

i^a(x) G ken, 

and that for all k sufficiently large 

i[u] + afc||u||i2(f^nf7fe) > Cfc||ti||^i(nnnfe)' ^ ^ ^'(t), (2.1) 

for positive constants and ■ 

If t is bounded below and closable, then 

4:= inf{A : A G ae(T)} 

= lim inf {i[u] : u eT>{i), supp u (Z Vt\Vtk} . ^^-^^ 

k^oo ||m||=1 

Proof. It will suffice to show that the following holds (see p. 476 of 
(A) For each G N large enough and (p G C^(]R" \Ts) such that 

with < < 1, we have 

(i) (pv G ^^(t) for every w G X'(t) and 

(ii) if vg G T>{i) with ||f£||t = 1 and t>£ ^ in the Hilbert space 
H{i) := (P(t); II ■ lit), then 

- (p)ve\\? < 1 + o{l) asf^oo. 

Part (^)(i) is immediate. 

Since t is bounded below, without loss of generality, we may assume 
that t > 1 on P(t) as discussed above. Therefore (11.31) holds. 

For all u EV{t) and any (p satisfying (12.31) 

11(1- m!-Ir,^\ii-^h\'ds 

= In\n, {< ^V(l - <P)u, V(l - <P)u > +q\{l - <P)u\''} dx 
= J^^^^ {(1 - (f)f < AVu, Vu > +q\u\^ - (2 - 0)0 g|Mp} rfx 

+ <^V0,V0> iMpdx 

< /^^^^ {(1 - 0)2 < AVm, Vm > +g|M|2+ (2 - 0)0 g_|M|2}rfx 

+ I(nnn,^,)\n, < ^V0, V0 > Iw^dx 

< In [< V« > +^1^1'] + Innn,^, q-\u\'d^ 
+<^/(nnn,+o\n. < ^Vm, Vu > dx 

+ (1 + '5"') < > 1^1'^^ 

for 6 > 0. Similarly, 

/ a{l — (pyiul'^ds = / a\u\'^ds — / 0(2 — 0)(j|Mp(is. 
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Since € L°°{Q fl Qk) and (11.61) holds for each k, it then follows that 
- <P)u\\? < \\u\\? +6' J^^^^^^ < AVu,Vu > 

for an arbitrarily small 6' and C{6', k) > 0. According to the coercivity 
requirement (12.11) and the fact that ua € L°°{Q fl Qk) for each /c G N 

11(1 - <j>)u\k < (1 + -^)\\u\\! + {C{6', k) + ;^)|k||i.(nnQ.,0 

for an arbitrarily small e. 

As in (^)(ii) suppose that {vi} C ©(t) satisfies = 1 and f £ ^ 
in i^(t). We have that 

11(1 - 0)^^.11? < 1 + e' + C\5', fc)||t;.||i.(f,nQ,+o- 
By (12. ip and the fact that t > 1, it follows that the embedding 
H(l) H^{nn fifc+i) is continuous. Since H^{n fl r^^+i) L'^{nn 
flk+i) is compact, then ||'y£|li2(Qpij^^^^) = o(l) as £ — cxd. Hence, 



|2 

:i-(/))i;,||? < 1 + 0(1) 



It 

since e' can be chosen arbitrarily small. That completes the proof. 

□ 

In unbounded domains Q we will assume that q is bounded below at 
infinity as in (12.51) below. When we know a priori that t is bounded 
below, we may assume without loss of generality that for k sufficiently 
large g(x) > for x G (fi \ Qk) H A^oo as well as t[u] > mentioned 
above, since the addition of a constant only translates the spectrum. 

In contrast to [13], [10], and the classical criterion of Persson [22], 
we are not requiring that the potential q be bounded below in a neigh- 
borhood Ns of the finite singularities. The next theorem shows that 
in the case of a coefficient degenerate on fl dfl, the existence of a 
Hardy-type inequality in a neighborhood of the singularities may be 
sufficient to ensure that the form is closable and bounded below, i.e., 
inequality (12. 4p replaces the requirement that q be bounded below on 

on. 

Theorem 1. Assume (H) holds and that for some 7 G (0, 1) and ko 
given in [T^ 



/ [(1-7) < AVm, Vm > > 0, ueV{t),{2A) 

J(D,\nt.)nNf; 



'{n\nk)nNs 
for all k > ko and 



lim ess sup g_(x) = Coo < 00 (2.5) 



'=-^°°xg(Q\!^fc)nAft 



when n is unbounded. Then t is bounded below and closable and H2.1 
holds. Furthermore, if 

uae L°°{nnnk), keN, 
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then ie(T) is given by h2.2^) . 

Proof. We give the proof in the case that Vl is unbounded. The proof 
for VL bounded requires only shght modification. 
Let 

ii[u\ := /j^[< AVu.Vu > +g+|Mp]rfx + J^^a+{s)\u{s)\^ds, 

with V{t) = V{t[) = V{ti) and t = ti + t'^. 

We first show that t'^ is ti-bounded with li-bound less than 1. Then, 
in order to conclude that t is closable it will suffice to show that ti is 
closable - see Kato [T9], Theorem 1.33, p. 320. 

Let k > koin (11.61) recalling that <7-{s) = for s G Tji\QkQ according 
to {H). Without loss of generality, we may assume that for S > 0, 

g_(x) < Coo + 5, {n\nk,)nN^. 

Then it follows from ([23D and ([L6D that for all u G V{i), e < (1 - 7), 
and a(e, k) > max{i^'(e, k), Coo + 5} + 1, 

It'iMI < (1-7) j\n\n,)nNs < ^WVn, Vu > 

< (1 - 7)tiM + (Coo + 6) luprfx 
+K{e, k)J^^^^ Iwprfx 

< (l-7)tiM + «(e,^)hlli2(f,). 

(2.6) 

Therefore, t'^ has ti-bound less than 1. 
Note that (12. 6p implies the inequality 

tM+a(e,A;)||n||i,(^)>7tiM>0. (2.7) 

Therefore, t is bounded below. 

To show that ti is closable in L^(fi), choose {fn} C ©(t) such that 

tily'n — V^m] — ^ 0, — i- as m,n— j-oo, (2.8) 

i.e., {ipn} is ti-convergent to 0. Then, we must show that ti[v?n,] — )■ 
as n — )■ 00. First, note that (12.81) implies that 

/ < yl(x)V(<y5„ - v^m), V(v2n - V^m) > (ix 0, m, n ^ CX). 
Jn 

It follows as in (3.13) of [I^ that 

/ < A(x)Vv?n, Vv^n > c?x 0, n^oo. (2.9) 
Jn 

Since 

|2 



ti[M] + a(e, A;o)||w|P > / q+\u\'^dx. 

Jn 



\u\ 
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then {fn} must be a Cauchy sequence in L^^^^^Q). Since this space 
is complete, we must have that ipn ^ ip for some ip ^ But, 
— )■ in imphes that ip = 0. 

Consequently, we have shown that 

[< AV^n, V<^„ > 0. 

We need to show that 

/ cT+(s)|(^„(s)pds ^ 

in order to complete the proof. An analysis similar to (3.17) in [13] 
applies here as well since 

il[{<fn-<fm)]> / Cr+is)\{(fn- fm)\'^ds >0. 

Hence, {^n} is Cauchy in L^^^_j^(r/j) and converges to a f G L'^^^j^^iV r) . 
By (11. 6p and (12. 9 p we conclude that f = on fl f2fc for each k. Since 
r_R = Ufc(r/{nf2fc), then f = on which is what we wanted to show. 

Therefore, t is bounded below and closable. As discussed above, it 
will suffice for the remainder of the proof to assume that t > 1 and 
g > in (fi \ Vlk) fl A^oo for k large. 

Since 5'-(x) = for k large and x G (1] \ fl N^, it follows from 
([2SD that 

It'iMI < (1 -7)tiN +^(e,^) / \u\^d^, ueVit), 
which implies that 

i[u]+K{e,k)\\u\\l,^^^^^^ > 7tiM > 7 /" < AVu,Vu > rfx, uE I?(t). 
Since fi^^ G L°°(^] n Qk), then dMD holds. If we know that 

then it follows from Proposition [T] that ( 12. 2 p holds. □ 

Note that if q is bounded below by -B < on (fi \ Qko) H Ns as 
assumed in earlier work, e.g., [lO], [TT], and [13], then we may apply 
Theorem[T]to the form {\u\ + \B\ foY^oNo luPfix. 

It may be advantageous to need only show that the inequality in 
(123]) holds for u G i^o((^ \ ^fco) ^ ^s)- The next Theorem shows 
that is allowed. However, we will see in the applications below that 
in some cases it is best to use (12. 4p directly avoiding certain convexity 
requirements. 
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Theorem 2. Assume hypothesis (H), that 

and l[K5\) for Q not bounded. If for all ip e H^{{Q\ Qko) H Ns) 

[ [(1 -7) < A(x)V^, V<^ > -g_(x)|(^P]dx > (2.10) 

for some 7 G (0, 1), then 112.^) holds. 

Proof. Recall that A^^ is an open neighborhood of the finite singulari- 
ties, S \ {00}, with Tl\Qk cTin {Ns U A^oo) for k > k^. We employ a 
simple IMS localization formula - see [8], p. 28. Choose ^2 > ^1 > ^o- 
There exists (pi G for which 

1, xG(n\3JnArs, 
0, xGr^nr^fci, 

(with the support of <^ extending into M" \ as needed) and <^2 such 
that 

• 0j(x) G [0, 1] for j = 1, 2, and all x G R"; 

• 0?(x) + 0|(x) = 1 for aU x G M"; 

• 0j G C°°(M"); and 

• SUp,gK4|V0l(x)|2 + |V02(X)P] < 00. 

Recall the pointwise identity that gives rise to the IMS localization 
formula: for u & V{t) and j = 1,2, 

< AV{(f)ju), V(0ju) >= 0| < AVu, Vu > + < AV^j, V^j > |up 

+3fJe < AV0|,mVm > . 

(2.11) 

Summing over j = 1, 2, and integrating yields the identity 
tM = E?=i In[< A{x)V{4>ju), V{(f)ju) > +q\(pju\'^- < AV^j, V^j > |u| Vx 

since 02 (s) = 1 on F/j. Then 0in G C^(i7 \ i^fcj. 
It follows from the pointwise identity (12. lip that 

= E?=i WjnivJ< ^V(0,m), V(0,«) > - < AV0„ > |M|2]dx 
> W.JnTV, < ^(x)V(0im), V(0im) > rfx 



for 



2 



'■= sup < y4V0j, V0j > < 00 



since ua E L°°{n nVlk), k E N. 
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Since d^TU]) holds for 7 G (0, 1), 

As in Lemma [1] we have that for any e > there is a positive constant 
K{e, /C2) such that 

(see (2.9) of [13]) which imphes that 

(1 + W.JniVs < Vu > dx + C(e, A;2) /(f,^^\f,^^)n^^ I^P^^x 

> (l-7)~'/{Q\n,jnJVs^-l«l'^^ 

for C(e, ^2) := Ck^ + K{e,k2). Then, for e chosen sufficiently small 
(1 + e)(l — 7) G (0, 1). Since ki is an arbitrary integer greater than or 
equal to fco, the hypothesis of Theorem [1] holds for 

f)M := tM - (1 -7)C(6,fc2) [ X(„,^,.,^)n.J«Prfx, w G P(t), 

implying that f) [m] is bounded below and closable and, as shown in the 
proof of Theorem m that (12.1 p holds for f). But, this implies that t is 
bounded below and closable (cf. (12. 8p ) and (12. ip holds as well for t. 
The conclusion follows from Proposition [1] □ 

With appropriate conditions required of the coefficients, inequality 
(I2.10p is associated with the existence of a nonnegative solution of the 
Dirichlet problem for 

-(1 - 7) div{A{:>^)Vu) - g_(x)M = 

on (f2 \ Qko) n Ns, the absence of nodal domains, and the finiteness of 
the negative spectrum ([2], [22]. [23]). 

Corollary 1. Assume the hypothesis of Theorem [H and for k > ko 

define 

Ls[u-k]:= I [< 7A(x)Vn, Vm > +g+(x)|Mp]dx, ueV{i). 

Then, for Vt hounded 

4 > limfc^oo ^^^^^Ls[u] k] 

with the infimum taken over all m G T'(t) with supp u C (fi \ fifc) fl A^^. 
If fl is unbounded and /\2.5\) holds, then 

£e > limfe^oo inf Ls[u', k] Coo- 

\\u\\=l 
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Proof. We give the proof for the case in which f2 is unbounded. The 
adaptation for fl bounded is straightforward. According to Theorem [21 
for k > ko and ip := for u G 'D(t) with supp u C Q\Qk 

tM > 7 Iin\n,)nNs < V<^ > rfx + j[^\^^^r^Ns Q+i^M'^d^ 

+ Iin\n,)nNj< ^(x)V<^, V<^ > +g(x)|<^|Vx 
^ W.)niv,.[7 < A(x)V(^, V<^ > +g+(x)|(^|2]dx 
-(C<» + <5)/(n\f,,)n7V^ Iv'l'c^x 

for some small 6 > 0. Therefore, 

4 = limfc^oo inf ^ i[(p] 

> limfe^oo inf^ ^^[v^; fc] - Coo- 

□ 

3. Applications using Hardy inequalities in d(x). 

In this section we explore applications of Theorems [T]&|2] with some 
of the more recent results for Hardy inequalities given in terms of the 
distance to the boundary of the domain, i.e., (i(x) := dist{:K,dfl). 
Weighted Hardy inequalities in L'^{G), which best suit our purposes, 
are of the following form: for an open connected set G C and 

[ rf(x)^|VM(x)pdx> / -^^^^dx + A(G) / rf(x)"|M(x)|2rfx 
Jg Jg "(x) Jg 

(3.1) 

with (3 < I and a > (/3 — 2). Here, k{(3) is assumed to be positive for 
each f3 < 1 and A(G) > depends upon certain geometric properties 
of G, e.g., the diameter of G, the volume of G, etc. Several results of 
this type are discussed below. 

Corollary 2. Assume hypothesis [H), ua G L°°{Qr\Qk) for all k, and 
that for some /3 < 1 

/iA(x) > rf(x)^ X G (r^ \ n^,) n Ns. (3.2) 

For Q unbounded assume that g_ is bounded below at infinity as in 
112. 5\} . Finally, assume that 113. 1\} holds for some f3 < 1 and for G = 
{n \ Qko) n Ns. If for some 7 G (0, 1) 

g_(x) < (1 - 1)1 + X G G, (3.3) 

then t is bounded below and closable and the spectrum of T is purely 
discrete. 

Proof. The fact that t is bounded below and closable follows from The- 
orem [U By (13. ip and (13. 3 p the hypothesis of Theorem [2] holds. We 
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may apply Corollary [T] For k > k, 







\u 



2 



Ls[u;k]> 7rf(x)^|VMpdx > 7fi:(/3) / ./^'.. c^x 

J{n\nk)nNs J{n\n^.)nNs '^l^J 

according to (13 ■2p followed by (13. ip . According to property (ii) of the 
S-admissible family of domains {Qk}'kLi "we may assume that d{x) < ^ 
for X G (n \ Qk) n Ns and /c > k^. Since the infimum in Corollary [1] is 
taken over all u G 'P(t) with support in [Q \ Qk) H A^s', then for k > ko 

M Ls[u;k]>-fK{G)k^-'^, /3<1. 
||«||=i 

Letting /c — )■ oo, we conclude that ie = oo implying that the spectrum 
is purely discrete. □ 

Corollary |5] indicates that if a Hardy inequality (13. ip holds, the form 
t can be bounded below and closable even though all coefficients are 
degenerate at parts of the boundary dfl. We review some of the earlier 
results in which (13. ip holds. 

For a = (3 = 0, (13. ip reduces to 

/ |V^/(x)pdx> ^ / M^rfx + A(l]) / |^i(x)pdx. (3.4) 

Recent results for this inequality were motivated by work of Brezis 
and Marcus in [7] who showed that for Q convex with dQ G C^, 
A(i^) > AD{n)'2 with D{Q) denoting the usual diameter of Q. For the "in- 
terior diameter" defined by DintiP) '■= 2 sup^g^ '^(x), Filippas, Maz'ya, 
and Tertikas [IS] showed that for Vt convex, \{Q) > ^ f{n)^ - Subse- 
quently, Avkhadiev and Wirths [5] have shown that A(fi) > ^^^'^^'^^ 
where Aq > 0.94. Using methods of Davies |9], M. Hoffmann-Ostenhof, 
T Hoffmann-Ostenhof, and Laptev [18] answered a question posed by 
Brezis and Marcus showing that for convex domains A(i7) > J^f^]„ , 
K{n) := ?T,-'^~^/"|§"~^p/", in which denotes the volume of Vt. Using 
similar methods, Evans and Lewis [Hj showed that A(f2) > ^^pi- 

Since a ball of diameter Z)i„j(f2) must be contained in f2, it fol- 
lows that for n = 2,3, the results for \{Vt) in the paper of Filippas, 
Maz'ya, and Tertikas [15] are comparable to those in terms of the vol- 
ume improving the inequality in the paper of M. Hoffmann-Ostenhof, 
T Hoffmann-Ostenhof, and Laptev Also, there is some advantage 
in the fact that the inequalities of [S], [7] and [TJ] do not require to 
be finite, e.g., = w x M with uo C M"'^^ convex. In that case = oo, 
but DintiP) < oo if Dintioj) < oo. 

While applying some of these inequalities in Corollary [21 convexity 
may be required, but that requirement is diminished by the fact it is 
needed only on {VL \ VLk^) fl A^^ and not necessarily on Vt. In addition, 
a certain degree of fiexibility is available in constructing the family 
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{^k}'kLi in ^s- Nevertheless, we will also be interested in inequalities 
not requiring convexity. 

In a domain Q C M" the distance function d{x.) is uniformly Lipschitz 
continuous (cf. Gilbarg and Trudinger |T7|, §14.6) and consequently, 
differentiable almost everywhere according to Rademacher's theorem. 
Moreover, if Q is bounded and dQ E C'^, k > 2, then for some 6 > 
sufficiently small, d G C''{ils) in which fi^ := {x G : d(x) < 5} 
- Lemma 14.6 of [U]. If Q is convex, then the distance function is 
superharmonic, i.e., —Ad{x.) is a nonnegative measure. (See Lemma 3 
of [1] for a short proof). For dimension n = 2, —Ad > implies that fl 
is convex, but not for n > 2. Armitage and Kuran [3] give an example 
of a torus in dimension greater than 2, which is (obviously) not convex, 
but -Arf(x) > 0. 

In order to accommodate weights, we give a small extension of The- 
orem 3.1 of Filippas, Maz'ya, and Tertikas [15] requiring only a modi- 
fication of their change of variable. Rather than assuming convexity of 
fl it suffices (here and in the proof of Theorem 3.1 of [15j) to assume 
the weaker condition that —Ad{x.) > in f2. 

Theorem 3. // —Ad{x.) > in a domain Q, then for all u G Hl{Vt), 
P <l, and a> (3 -2 

ci(x)/^|Vnpdx-ii^ j^.dx > I d{xr\u\'dx 

for a constant 

r _oa-^ / {a + 2-l3f aG(/3-2,-l) 

■ \ (1 -/3)(2a + 3-/3) a G [-1,00) ' 

Proof. It will suffice to show the inequality for real- valued u G C^{Vt). 
Let u = d^~v. Since |V(ip = 1, it follows that 

[ df'lVul'dx-^-^—-^ [ d^-\^dx=^^ [ {-Adydx+ [ d\Vv\^a 
Jn ^ Jn 2 Jq Jq 

(3.5) 

After noting the identity 

[ d''u^dx= [ d'^+^-^v^dx 
Jn Jn 

we estimate the integral on the right-hand side for a > (3 — 2 following 
a path similar to that of [15] to arrive at their inequality (3.4) and see 
that for this case 

{a + 2-/3~6)J^ d-^'-^v'dx < Rt:,'-' {\ d\Vv\'dx + U-Ad^c 

Here Rmt '■= ^Dint{^)- Choose 6 < min{i^, "^^~^ } and the conclu- 
sion follows. 

□ 
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If we know that G in Corollary [2] is convex, then — A(i(x) is a positive 
measure and we may apply Theorem [3J 

Corollary 3. Assume the hypothesis of Corollary\^ If for '-y G (0,1) 
and a > (3 — 2 



(1-/3)^ 
'4d(x) 



g_(x) < (1 - 7)[7373^ + A(G)rf(x)<^], x G G, (3.6) 



for G = {n\ fifcj n convex and X{G) = G^^p/ D'^-^^~'^\G) , then t 
is hounded below and closable and the spectrum ofT is purely discrete. 

Proof. The proof follows from Corollary [2] and Theorem [31 □ 

In [16] Filippas, Maz'ya, and Tertikas prove a Hardy-Sobolev in- 
equahty in a tubular domain fi^ := {x G i7 : c?(x) < 6} for some 
5 > 0. Here, we adapt some of those ideas to use as an application of 
Corollary [T] The next Lemma allows application for the case in which 
— A(i(x) > in the whole of a non-convex Q, but G in Corollary H] is 
not convex and d is not superharmonic in G. The prototype for Q in 
this case is the torus studied by Armitage and Kuran p]. 

It's important to note that in the next Lemma, (i(x) = (i(x; Q), the 
distance from x to dQ as before, as opposed to the distance from x to 
dfls, c?(x; fls). We will use this additional notation in some cases below 
to avoid confusion. 

Lemma 2. Assume that Q is a bounded domain with a G^ boundary 
and —Ad > in fls for all 6 > sufficiently small. Let /3 < 1 and 
a> {13- 3)/2. //O < (5 < then for all u G G^{n) 

j^^dP\Vu\^d^- j^^dl'-^\u\Hi^> G{a,/3)6j^^d''\u\^d^ 
for a positive constant 

2"-/^+H2« - /3 + 3) 

Proof. Since is bounded and G C^, then d G G'^{^ls^ fl i7) for 
some (Lemma 14.16 of [17j). We may assume without loss of gen- 
erality that 5* = (5 G (0,^-^). It will suffice to prove the inequality 
for functions u G G^{fl) that are real- valued and nonnegative (Lieb & 

Loss [2T], pp. 176-177). For u G G^{fl) and u = d~^v it follows from 
integrating by parts that 

4 d^\Vu\-d^ = ^ 4 d-.^rfx + 4(-Ad).^dx 
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since | V(i| = 1 where v is the unit outward normal from fi^ on Sfi^flfi = 
Since Vc? ■ z/ = 1 on (9fi^ we have that 

= Y4(-A^)-^^x + 4rf|V.prfx+ Y/a.^-^^^- ^ ^ ^ 
In order to estimate Jj^^ (i^w^rfx for a > > /3 — 2, we make the 
substitution -u = d~^v again and use the identity 

divid^-f^+^Vd) = {a-P + 2)rf"-'^+i + d^'-'^+^Ad 
in Multiply by and integrate by parts to see that 
(a - /3 + 2) /^^ rf"-^+it;2rfx = -2 /^^ d^-'^'^hVd -Vv dx + 5°-^+^ /^j^, 

+ /^^rf"-^+2(-Ad)t;2dx 
=: h + h + h. 

(3.9) 

Applying the Cauchy-Schwarz inequality to Ji we have that 

h< S J^^ d'^-P+^v^d^ + 5^-^+^ J^^ d\Vv\'^d^ (3.10) 

since rf(x) G (0, 6) in fi^. It follows from ([33]) and fl3:T0|) that 

[(a - /3 + 2) - 5] /^^ d"-^+ii;2^x < ^"^+1 /^^ rf|Vw|2(ix 

+5"-/3+2 (-Adyd^ 

(3.11) 

since — A(i(x) > in fi^. 

Since 5 < in (13. lip we will have that 

d-/^+i.2dx < 1^ 4(-Aci).2dx + 4 rf| V.prfx + Y /ac^ -^^^ 

= 4rf/^|V«prfx-(i#4rf/^-Vrfx 

according to (13. 8p . Finally, use the fact that 

C{a,l3)5< 

to complete the proof. 

□ 

Next, we present a corollary to Lemma [2] in which we can use Theo- 
rem [T] directly avoiding a convexity assumption for \ VL^^. Then, we 
follow with an application on a torus in in which — A(i(x) > 0. 

Corollary 4. Let Q be a bounded domain with a -boundary and let 
l)[u,v] be given by ([ZJ) with a = and P(f)) = C^{n). Set S = dQ 
and define the S-admissible family of domains by 

fifc := ^7 \ Vtsk-, ^ 'k 

for e N. 
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Assume (H)(a),(h),and (c); for some f3 < 1 

and va £ L°°{yL fl VLk) for k sufficiently large. Suppose for 7 G (0, 1) 
and a satisfying 2a — /3 + 3 > 

g_(x) < (1 - + SC{a, P) dm X G Qs, 

and — A(i(x) > in foi" k sufficiently large and C{a,P) defined in 
^3. 7| ). Then, f) is bounded below and closable. The self-adjoint operator 
associated with () has a purely discrete spectrum. 

Proof. It follows from Theorem [T] and Lemma[2]that f) is bounded below 
and closable as well as the fact that fl2.2p holds. For k > k^, u & V{t) 
with supp u G fl\flk and ip := 

> lInJ^i^ + 5C{a,(3)di^rM'd^. 
Since (i(x) < ^ for x G ^^4, 

£e = limfc^oo inf <p = 00 

implying that the spectrum of the operator associated with the closure 
of i) is discrete. □ 

Example 1. Let Q G M.^ be the torus obtained by rotating the disc 
a; = {(0, y, z) : {y — c)^ + < R}, c > 2R, about the z-axis. Armitage 
and Kuran [3j have shown that the distance function du on the whole of 
Q is superharmonic, i.e., — A(in(x) > in Q although Q is not convex. 
Assuming the hypothesis of Corollary the operator associated with 
the Dirichlet form I) on the torus Q has a purely discrete spectrum. 

Of course, the Example [T] can be extended to the image of any uni- 
tary transformation of the torus described there since the spectrum is 
preserved under such transformations. Note that the distance function 
dng{x.) in Qs for small 6 > 

is not superharmonic. Corollary [3] does not apply to the torus of Ex- 
ample [T] since for 5 > is not convex and d^^ is not superharmonic. 

Finally, we refer the reader to recent results in [6J where Hardy in- 
equalities are given which exploit the interesting connection between 
A(i(x) and the principal curvatures at the near point y G dQ of x. 
These new Hardy inequalities allow for applications of the results here 
to far more general non-convex domains such as the torus discussed 
above. Using a representation of Ad in terms of principal curvatures, 
a new proof is given of Armitage and Kuran's result discussed in Ex- 
ample [TJ 



SPECTRAL PROPERTIES 



17 



References 

S. Agmon. Lectures on Elliptic Boundary Value Problems, Reprinted in 2010 
by AMS Chelsea Publishing, AMS, Providence, RI, 1965. 
W. Allegretto. On the equivalence of two types of oscillation for elliptic oper- 
ators. Pacific J. Math., 55(2), 319-328, 1974. 

D. H. Armitage and U. Kuran. The convexity of a domain and the superhar- 
monicity of the signed distance function. Proc. Amer. Math. Soc, 93(4), 598- 
600, April 1985. 

F.G. Avkhadiev and A. Laptev. Hardy inequalities for non-convex domains. 
The Erwin Schrodingcr International Institute for Mathematical Physics. 
Preprint ESI 2185, October 2009. 

F.G. Avkhadiev and K.J. Wirths. Unified Poincare and Hardy inequalities with 

sharp constants for convex domains. Z. Angew. Math. Mech. 87, 632 642, 2007. 
A. Balinsky, W.D. Evans, and R.T. Lewis. Hardy's inequality and curvature. 
Math. Phys. Arc. 11-2, 7 January 2011. 

H. Brezis and M. Marcus. Hardy's inequalities revisited. Ann. Scuola Norm. 
Pisa 25, 217-237, 1997. 

H.L. Cycon, R.G. Proese, W. Kirsch, B. Simon. Schrodingcr Operators with 
Application to Quantum Mechanics and Global Geometry, Texts and Mono- 
graphs in Physics, Springer- Verlag, Berlin, 1987. 

E. B. Davies. Spectral Theory and Differential Operators, Cambridge Studies 
in Advanced Mathematics, Vol. 42, Cambridge University Press, Cambridge, 
1995. 

D.E. Edmunds and W.D. Evans. Spectral theory and embeddings of Sobolev 

spaces. Ouart. J. Math., Oxford Ser. (2), 30(120), 431-453, December 1979. 
D.E. Edmunds and W.D. Evans. Spectral Theory and Differential Operators, 
Oxford University Press, Oxford 0X2 6DP, 1987. 

D.E. Edmunds and W.D. Evans. Spectral problems on arbitrary open subsets 
of M" involving the distance to the boundary. J. Computational and Applied 
Math., 194, 36-53, 2006. 

W.D. Evans and R.T. Lewis. Eigenvalues below the essential spectra of singular 
elliptic operators. Trans. Amer. MaMonographs and Studies in Mathematics, 
Vol. 1th. Soc, 297(1), 197-222, September 1986. 

W.D. Evans and R.T. Lewis. Hardy and Rellich inequalities with remainders. 
J. Math. Inequal, 1, 473-490, 2007. 

S. Filippas, V. Maz'ya, and A. Tertikas. On a question of Brezis and Marcus. 

Gale. Var., 25(4), 491-501, 2006. 

S. Filippas, V. Maz'ya, and A. Tertikas. Critical Hardy-Sobolev inequalities. 
J. Math. Pures Appl, 87, 37-56, 2007. 

D. Gilbarg and N.S. Trudinger. Elliptic Partial Differential Equation of Second 
Order, Reprint of the 1998 edition, Springer- Verlag, Berlin, Heidelberg, New 
York, 2001. 

M. HofFmann-Ostenhof, T. Hoffman-Ostenhof, and A. Laptev. A geometrical 

version of Hardy's inequality. J. Funct. Anal. 189, 539-548, 2002. 

T. Kato. Perturbation Theory for Linear Operators, Springer- Verlag, Berlin, 

1966. 

R.T. Lewis. Singular elliptic operators of second order with purely discrete 
spectra. Trans. Amer. Math. Soc, 271, 653-666, 1982. 

E. H. Lieb and M. Loss. Analysis, Graduate Studies in Mathematics, vol. 14, 
2nd edition, American Mathematical Society, Providence, R.I., 2001. 

A. Persson. Bounds for the discrete part of the spectrum of a semi-bounded 
Schrodinger operator. Math. Scand., 8, 143-153, 1960. 



18 



ROGER T. LEWIS 



[23] J. Piepenbrink. Nonoscillatory elliptic equations. J. Differential Equations., 
15, 541-550, 1974. 

[24] Ralph E. Showaltcr. Hilbert Space Methods for Partial Differential Equations, 
Monographs and Studies in Mathematics, Vol. 1. Pitman, London, San Fran- 
cisco, Melbourne, 1977. 

[25] B. Simon. Schrodinger semigroups. Bulletin A. M.S., 7(3), 447-526, November 
1982. 

Department of Mathematics, University of Alabama at Birmingham, 
Birmingham, AL 35294-1170, USA 
E-mail address: lewis@math.uab.edu 



